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Abstract. In this paper we introduce the category of stratified Pro-modules
and the notion of induced object in this category. We propose a translation of Morihiko
Saito equivalence results ([S.2]) using the dual language of Pro-objects. So we prove an
equivalence between the derived category of stratified Pro-modules and the category of Pro-
differential complexes. We also supply a comparison with the notion of Crystal in Pro-module
(introduced by P. Deligne in 1960).
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Introduction.
Let X be a smooth separated noetherian scheme of finite type over C. We first note that a
differential operator of finite order m ∈ N (between OX -modules) can be defined in two different
ways: the first using induced right DX,m-modules, as done by Morihiko Saito in [S.2], the second
using the sheaf of principal parts PmX . Thus, any differential complex L
• admits two “linearized”
versions. The first is given by M. Saito’s functor DR−1X (L
•) := L • ⊗OX DX in the category of right
DX -modules while the other is given by Grothendieck’s formalization functor Q
0
X := {P
m
X }Z⊗OX L
•
in the category of stratified Pro-modules.
In [S.2] M. Saito proved the equivalence between the derived category of right DX -modules
(quasi-coherent as OX -ones) and a suitable localized category of differential complexes. Our aim is to
prove a “dual” version of this equivalence replacing quasi-coherent right DX -modules by Pro-coherent
stratified ones. The main idea is that of using the Grothendieck formalization functor Q0X instead
of Saito’s DR−1X . On the other hand, a functor DRX is always defined on stratified objects simply
by taking horizontal sections. Suitably localizing these functors gives an equivalence between the
derived category of Stratified Pro-coherent modules and that of Pro-differential complexes (suitably
localized). We also define a category of Ω•X -modules in Pro-object (suitable localized) and we prove
an equivalence with that of stratified Pro-modules (as done in the dual case in [F1]).
In the last section we interpret stratified Pro-coherent modules as objects in the Crystalline
site. In particular we prove that the category of stratified Pro-coherent modules is equivalent to
the category of “crystals in Pro-modules”. This last notion was first introduced by P. Deligne in a
cycle of lectures he gave at IHES. There Deligne proposed the notion of “Crystals in Pro-modules”
attached to algebraic constructible sheaves on an analytic space Xan. Moreover he proved that the
category of “regular crystals in Pro-modules” is equivalent to that of “algebraic” constructible sheaves
on Xan (unfortunately this work was not published). By Deligne’s equivalence theorem we obtain
the equivalence between the derived category of regular stratified Pro-coherent modules and that of
“algebraic” constructible sheaves, and thus a sort of Riemann-Hilbert correspondence.
As noted above the notion of stratified Pro-coherent module is dual to that of quasi-coherent right
D-module. In a work in progress we expect to prove an anti-equivalence of categories between the
category of perfect D-complexes and that of perfect complexes of stratified Pro-modules. This anti-
equivalence is compatible with the duality in the category of differential complexes. In particular when
any object of a differential complex is coherent on OX , the notion of DX -qis (see [S.2]) is equivalent
to that of Q0X -qis.
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1. Pro-Coherent OX-Modules
We briefly recall some results on the category of Pro-coherent OX -modules.
1.1. Definition. ([SGAIII,1]). By definition the category Pro(Coh(OX)) := Ind(Coh(OX)
◦)◦.
Objects are filtering projective systems of coherent OX -modules, while morphisms between two such
objects FI , GJ are HomPro(FI ,GJ) = lim← J
lim
→ I
HomOX (Fi,Gj). For brevity we will use the notation
ν(OX) for Pro(Coh(OX)) and µ(OX) for Ind(Coh(OX)).
1.2. Remark. Given a noetherian scheme X over C, the category µ(OX) is equivalent to the
category of quasi-coherent OX -modules (denoted by QCoh(OX)) see [RD, appendix]. Moreover any
object in µ(OX) may be represented as an inductive system whose transition morphisms are injective
maps.
1.3. Remark. The functor tensor product:
⊗OX : Coh(OX)× Coh(OX) −→ Coh(OX)
(F ,G ) 7−→ F ⊗OX G
extends to the procategory:
⊗OX : Pro(Coh(OX ))× Pro(Coh(OX)) −→ Pro(Coh(OX))
({Fi}I , {Gj}J) 7−→ {Fi ⊗OX Gj}I×J .
1.4. Remark. Let C be an abelian category, then Pro(C ) is abelian (see [AM, appendix]).
Moreover if C has enough injectives the same is true for Pro(C ) (see [J], or [AM]). This result mainly
concerns the description of Ker(f) and Coker(f), where f is a morphism in Pro(C ), done in [AM]. So
ν(OX) is an abelian category. Let Pro(QCoh(OX)) be the Pro-category of quasi-coherent OX -modules.
It is an abelian category and it has enough injectives (since QCoh(OX) has enough injectives), moreover
ν(OX) is a full thick subcategory of Pro(QCoh(OX)). In fact Coh(OX) is a full thick subcategory of
QCoh(OX), and it is easy to prove that the same is true for their Pro-categories ([F2]).
1.5. Remark. Let denote by D+ν(OX)(Pro(QCoh(OX))) the derived category of Pro(QCoh(OX))
with cohomology bounded below and in ν(OX). Then D
+
ν(OX)
(Pro(QCoh(OX))) is equivalent to the
derived category D+(ν(OX )).
2. Stratified Pro-Modules
In this paper we consider X a smooth algebraic variety over C. We will denote by {PmX }Z the
projective system of sheaves of principal parts ([EGA IV]), by qm : P
m
X −→OX the map induced by
the diagonal embedding X −→X ×X and by qm,n : P
m
X −→P
n
X (m > n) the maps of the projective
system {PmX }Z. By definition DX,m = H omOX (P
m
X ,OX) and DX = lim→m∈N
DX,m is the sheaf of
differential operators. We denote by Ω•X the De Rham complex of algebraic differential forms and
by Θ−iX := H omOX (Ω
i
X ,OX) its dual. Moreover let d := dX be the dimension of X ; we denote by
ωX := Ω
d
X the sheaf of differential forms of maximum degree.
2.1. Definition. ([BeO; 2.10]). Let X be a smooth separated noetherian scheme of finite
type over C and let F be an OX -module. A stratification on F is a collection (one for any n ∈ N) of
PnX -linear isomorphisms
εF ,n : P
n
X ⊗OX F −→F ⊗OX P
n
X
such that εF ,n and εF ,m are compatible via qn,m for each m 6 n, the map εF ,0 is the identity, and
the cocycle condition holds.
2
2.2. Proposition. ([BeO; 2.11]). Let F be an OX -module, the following are equivalent:
i) there is a collection of maps
sF ,n : F −→F ⊗OX P
n
X
“right” OX -linear such that sF ,0 = idF , (idF ⊗OX qm,n) ◦ sF ,m = sF ,n and (sF ,n ⊗OX idPmX ) ◦
sF ,m = (idF ⊗OX δ
n,m) ◦ sF ,m+n (see [EGA IV,16.8.9.1] for the definition of δ
m,n);
i’) there is a collection of maps
s′F ,n : F −→P
n
X ⊗OX F
“left” OX -linear such that s
′
F ,0 = idF , (qm,n ⊗OX idF ) ◦ s
′
F ,m = s
′
F ,n and (idPmX ⊗OX s
′
F ,n) ◦
s′
F ,m = (δ
n,m ⊗OX idF ) ◦ s
′
F ,m+n ;
ii) F is a stratified module;
iii) F is a left DX -module, where DX is the sheaf of rings of differential operators.
Proof. i)⇔ ii) [BeO, 2.11].
i) + ii)⇒ i′) and i′) + ii)⇒ i).
iii)⇔ i) Let DX ⊗OX F
mF−→ F be the multiplication on the DX -module F then
mF ∈ HomOX (DX ⊗OX F ,F ) = lim←
m∈Z
HomOX (DX,m ⊗OX F ,F )
= lim
←
m∈Z
HomOX (F ,F ⊗OX P
m
X ).
The associative diagram induces the diagram for co-associativity, and the identity diagram induces
that of the co-identity. 
Stratified OX -modules form a category which we denote by OX -Strat. Morphisms are OX -linear
maps which respect the stratifications. We are now interested only in coherent objects so Coh(OX)-
Strat will denote the full subcategory of OX -Strat whose objects are coherent.
We want to extend this category to Pro-objects, in order to obtain a category dual to that of
quasi-coherent (so Ind(Coh(OX))) right DX -modules.
The naive way would be that of taking simply the Pro-category Pro(OX -Strat), but in this way
we obtain Pro-objects which have a stratification at any “level” while we need a larger category, that
of stratified Pro-objects defined as follow.
2.3. Definition. Let ν(P ·X) be the category whose objects are Pro-coherent OX -modules
{Fh}H endowed with a stratification that is a morphism of Pro-objects
{Fh}H
s{Fh}H // {Fh}H ⊗OX {P
m
X }Z
which make the co-identity diagram
(2.3.1) {Fh}H
s{Fh}H //
id{Fh}H ((QQ
QQ
QQ
QQ
QQ
QQ
{Fh}H ⊗OX {P
m
X }Z
id{Fh}H⊗{qm}Z

{Fh}H
and the co-associative one
(2.3.2) {Fh}H
s{Fh}H //
s{Fh}H

{Fh}H ⊗ {P
m
X }Z
s{Fh}H⊗id{PmX }Z

{Fh}H ⊗ {P
m
X }Zid{Fh}H⊗s{PmX }Z
// {Fh}H ⊗ {PmX }Z ⊗ {P
m
X }Z
commutative. (This is simply the category of {PmX }Z-co-modules in the category ν(OX)).
By definition s{Pm
X
}Z := {δ
m,n}Z×Z is the map inducing the stratification on the “right” {P
m
X }Z =
p∗1(OX) (see [BeO, Remark 2.13], [G]). A morphism of Pro-objects f : {Fh}H −→{Gk}K is a morphism
3
in ν(P ·X) if and only if the diagram
(2.3.3) {Fh}H
f //
s{Fh}H

{Gk}K
s{Gk}K

{PmX }Z ⊗ {Fh}H id⊗f
// {PmX }Z ⊗ {Gk}K
commutes. We denote by H omP·
X
({Fh}H , {Gk}K) (or H omStrat({Fh}H , {Gk}K) the sheafified
version of the set of morphisms in ν(P ·X).
We denote by C∗(P ·X) (resp. K
∗(P ·X), resp. D
∗(P ·X)) with ∗ ∈ {+,−, b} the category of
complexes (bounded below, bounded above, bounded) (resp. up to homotopy, resp. up to quasi-
isomorphisms) in ν(OX).
2.4. Remark. [BeO; 2.2, 2.3]. In our setting X is smooth, hence the sheaves {PmX }Z are locally
free of finite type. A base of PmX (for both left and right OX -module structures) is {ξ
α1
1 · · · ξ
αd
d |α1 +
· · ·+αd 6 n; αi ∈ N} where ξi := 1⊗xi−xi⊗1 and I = 1⊗1 in local coordinates. By this description
the “right” stratification on the Pro-system {PmX }Z is given by the morphisms
δm,p : PmX −→ P
m−p
X ⊗OX P
p
X
I 7−→ I⊗ I
ξi 7−→ I⊗ ξi + ξi ⊗ I
ξα11 · · · ξ
αd
d 7−→ δ
m,p(ξ1)
α1 · · · δm,p(ξd)
αd ∀α1, . . . , αd ∈ N, α1 + · · ·+ αd 6 m
Moreover the sheaf Ω1X is simply the sub-sheaf of P
1
X generated by ξi for i = 1, . . . , d.
2.5. Definition. A stratified Pro-module is induced if it is isomorphic to {PmX }Z⊗OX L , for
some L ∈ ν(OX), endowed with the stratification induced by the canonical one on {P
m
X }Z (see [G,
6.3]). We denote by νi(P
·
X) the full subcategory of ν(P
·
X) whose objects are induced. We denote by
Cbi (P
·
X) (resp. K
b
i (P
·
X), resp. D
b
i (P
·
X)) the category of bounded complexes (resp. up to homotopy,
resp. up to quasi-isomorphisms) in νi(OX).
2.6. Proposition. The category ν(P ·X) is an abelian category, small filtering projective
limits are representable and exact. The forgetful functor
for : ν(P ·X)−→ ν(OX)
has a right adjoint
Q0X := {P
m
X }Z ⊗OX : ν(OX) −→ ν(P
·
X)
{Fh}H 7−→ {P
m
X }Z ⊗OX {Fh}H
which takes image into νi(P
·
X).
Proof. Kernels and cokernels in ν(P ·X) are those of ν(OX) endowed with the induced strati-
fication and for any morphism f in ν(P ·X), the image of f is isomorphic to its co-image. So ν(P
·
X)
is an abelian category and the forgetful functor is exact. Small filtering limits are representable and
exact because they are representable in ν(OX) and they have canonical stratifications.
The map
H omStrat({Fh}H , {P
m
X }Z ⊗OX {Gk}K)
α
→ H omν(OX )(for({Fh}H), {Gk}K)
f 7→ ({qm}Z ⊗OX id{Gk}K ) ◦ f
(co-extension of scalars) is a bijection whose inverse is the map
H omν(OX)(for({Fh}H), {Gk}K)
β
→ H om{Pm
X
}Z({Fh}H , {P
m
X }Z ⊗OX {Gk}K)
g 7→ (id{Pm
X
}Z ⊗ g) ◦ {s
′
F ,m}Z.
Clearly α(f) is a morphism in ν(OX); on the other hand in order to prove that β(g) respects the
stratifications it is sufficient to remark that Q0X is a functor so the map (id{PmX }Z ⊗ g) respects the
canonical stratifications on {PmX }Z ⊗OX . 
4
2.7. Remark. Proposition 2.6 also holds true on replacing ν(OX) by the category of Pro-
quasi-coherent OX -modules Pro(µ(OX)), and ν(P
·
X) by the category of stratified Pro-quasi-coherent
OX -modules denoted Pro(µ(P
·
X)).
2.8. Corollary. Any object in Pro(µ(P ·X)) induced by an injective object in Pro(µ(OX)) is
injective. Moreover Pro(µ(P ·X)) has enough injectives.
Proof. Let E be an injective Pro-quasi-coherent OX -module, then the functor
H omStrat( , {P
m
X } ⊗OX E )
∼= H omPro(µ(OX))(for( ), E )
is exact because for( ) : Pro(µ(P ·X))→Pro(µ(OX)) is exact and E is injective.
For each N ∈ Pro(µ(P ·X)), there exists I ∈ Pro(µ(OX)) and an injective map i : for(N ) →֒ I
in Pro(µ(OX)). Then the map β(i) : N −→{P
m
X }Z ⊗OX I is an injective map in Pro(µ(P
·
X)) (and
{PmX }Z ⊗OX I is injective in Pro(µ(P
·
X)). 
2.9. Corollary. Derived co-extension of scalars.
Let F ∈ ν(P ·X) and G ∈ ν(OX):
RH omStrat(F , {P
m
X }Z ⊗OX G )
∼=
−→ RH omν(OX)(for(F ),G );
is a quasi-isomorphism.
Proof. Let denote by E•(G ) an injective resolution of G in Pro(µ(OX)). Then
RH omStrat(F , {P
m
X }Z ⊗OX G ) = H omStrat(F , {P
m
X }Z ⊗OX E
•(G )) ∼=
∼= H omPro(µ(OX ))(for(F ), E
•(G )) =
= RH omν(OX)(for(F ),G ).

Let consider the De Rham functor
RH om·Strat(OX , ) : D
b(ν(P ·X))−→D
b(CX)
where CX denotes the category of sheaves in C-vector spaces. Then for any M
· ∈ Db(ν(P ·X)) deriving
it in Pro(µ(P ·X)) we have:
RH om·Strat(OX ,M
·) ∼=RH om
·
Strat(DX ⊗Θ
·
X ,M
·) ∼=
∼=H om
·
Strat(DX ⊗Θ
·
X ,M
·) ∼=
∼=Ω·X ⊗
·
M
·
The complex Ω·X ⊗
· M · is a complex of Pro-coherent-OX-modules but its differentials are not OX -
linear.
In the following we will define the category ν(OX)-DiffX wherein the functor H om
·
Strat(OX , )
has its image in a fully faithful way. So the De Rham functor will have its image in a suitable
localization of ν(OX)-DiffX .
2.10. Theorem. Induced stratified Pro-modules are acyclic for the functor H omStrat(OX , ).
For M , N such modules
M
∇ := RH omStrat(OX ,M ) = H omStrat(OX ,M )
and the morphism
(2.10.1) H omStrat(M ,N )−→H omCX (M
∇,N ∇)
is injective.
Proof. By hypothesis there exist L , L ′ in ν(OX) such that M ∼= {P
m
X }Z ⊗OX L and
N ∼= {PmX }Z ⊗OX L
′. Then
RH omStrat(OX ,M ) =RH omStrat(OX , {P
m
X }Z ⊗OX L )
∼=
∼=RH omν(OX)(OX ,L )
∼=
∼=H omν(OX )(OX ,L )
∼=
∼=H omStrat(OX , {P
m
X }Z ⊗OX L ) =
=H omStrat(OX ,M )
5
which proves the first assertion.
For the second statement let consider the map
(2.10.2)
H omStrat(M ,N ) =H omStrat({P
m
X }Z ⊗OX L , {P
m
X }Z ⊗OX L
′) ∼=
∼=H omν(OX)({P
m
X }Z ⊗OX L ,L
′)−→H omCX (L ,L
′)
obtained by composition with the stratification morphism s′
L
: L →{PmX }Z ⊗OX L . It is injective
because the image of s′
L
generates {PmX }Z ⊗OX L as Pro-coherent-OX-module.
We note that this theorem is the analogue (for Pro-objects) of Saito’s Lemma [S.2; 1.2]. 
3. Differential Complexes of Pro-modules
3.1. Definition. Let {Li}I and {L
′
j}J be two Pro-coherent OX -modules. The sheaf of
differential operators, which we denoted by H omDiff({Li}I , {L
′
j}J), is the image of the injective
map (2.10.2). So
H omDiffX ({Li}I , {L
′
j}J) :=H omStrat({P
m
X }Z ⊗OX L , {P
m
X }Z ⊗OX L
′) ∼=
∼=H omν(OX )({P
m
X }Z ⊗OX {Li}I , {L
′
j}J) :=
:= lim
←
J
lim
→
I
lim
→
Z
H omOX (P
m
X ⊗OX Li,L
′
j )
∼=
∼= lim
←
J
lim
→
I
H omDiffX (Li,L
′
j ).
We recall that for F ∈ Coh(OX) and G an OX -module, the sheaf H omDiffX (F ,G ) is isomorphic to
lim−→Z
H omOX (P
m
X ⊗OX F ,G )
∼= lim−→Z
H omOX (F ,G ⊗OX DX,m).
We denote by ν(OX)-DiffX the additive category whose objects are Pro-coherent-OX-modules
and whose morphisms are differential operators (sometimes called differential complexes). We have a
functor
Q0X : ν(OX)-DiffX −→ νi(P
·
X)
L 7−→ {PmX }Z ⊗OX L
which extends that of Proposition 2.6. This functor was firstly introduced by A. Grothendieck in
[G; 6.2] and it is called the formalization functor or linearization. By (2.10.1) it is an equivalence of
categories.
3.2. Remark. If we restrict the formalization functor to differential complexes L whose objects
are coherent OX -modules, then the Pro-objects Q
0
X(L ) are always of Artin-Rees type. Moreover any
morphism of Pro-obejcts between two such objects is necessarily of Artin-Rees type (see [G;6.2]).
3.3. Definition. Let Cb(ν(OX),DiffX) be the category of bounded complexes in ν(OX)-DiffX .
Let Db(ν(OX ),DiffX) be the category obtained from C
b(ν(OX),DiffX) by inverting Q
0
X -quasi-iso-
morphisms. This is a triangulated category with the usual shift functor and distinguished triangles
those induced by the usual mapping cones. We remark that this localizing procedure was first intro-
duced in [AB, Appendix C] following an idea of P. Berthelot.
We obtain a localized equivalence of categories
Q0X : D
b(ν(OX ),DiffX)−→D
b
i (P
·
X).
This functor would be the “dual” of Saito D˜R
−1
X functor.
3.4. Remark. The morphism (2.10.1) is induced by the following commutative diagrams which
are adjoint to those of DX -modules in the smooth case ([S.2; (1.4.1)]):
(3.4.1) L
P //
d1⊗idL

L ′
d1⊗idL ′

L
P //
d1⊗idL

L ′
{PmX }Z ⊗OX L
Q0X(P )
// {PmX }Z ⊗OX L
′ {PmX }Z ⊗OX L
Q0X(P )
88ppppppppppp
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for any Q0X(P ) ∈ HomStrat(Q
0
X(L ),Q
0
X(L
′)) ∼= Homν(OX )(Q
0
X(L ),L
′). The map d1 : OX −→P
m
X
is that induced by the second projection of X ×X into X .
3.5. Definition. An object in Db(ν(OX),DiffX) is said to be perfect if it is locally isomorphic
to a bounded complex whose elements are locally free OX -modules of finite rank. We denote by
Dbp(ν(OX),DiffX) the category of bounded perfect complexes in D
b(ν(OX),DiffX). Then any object
in Dbp(ν(OX),DiffX) may be represented as an object in C
b(Coh(OX),DiffX) (see [L] for definition of
perfect objects).
3.6. Definition. Herrera-Lieberman differential complexes.
([HL, §2] or [Be, II.5]). Let Cb1(ν(OX),DiffX) denote the category of bounded complexes of
differential operators of order at most one, that is:
i) the objects of Cb1(ν(OX ),DiffX) are complexes whose terms are Pro-coherent-OX-modules and
whose differentials are differential operators of order at most one;
ii) morphisms between such complexes are morphisms of complexes which are OX -linear maps.
The category Cb1(Coh(OX),DiffX) is the full subcategory of C
b
1(ν(OX),DiffX) whose objects are
coherent modules.
We denote by Db1(ν(OX),DiffX) the category obtained form C
b
1(ν(OX),DiffX) by inverting Q
0
X -
quasi-isomorphisms in Cb1(ν(OX ),DiffX). Thus we have the functors
λ : Db1(ν(OX),DiffX)−→D
b(ν(OX),DiffX)
Q0X,1 : D
b
1(ν(OX),DiffX)−→D
b(P ·X)
where Q0X,1 := Q
0
X ◦ λ.
4. De Rham Functor
4.1. Definition. Let M ∈ ν(P ·X) and
DRX(M ) := Ω
•
X ⊗OX M =
(4.1.1) = [0 //
0
M //
1
Ω1X ⊗OX M
// · · · //
d
ΩdX ⊗OX M
// 0].
The differentials are defined using the stratification map s′
M
(see Proposition 2.2) and the projection
P1X −→Ω
1
X . The complex DRX(M ) belongs to C
b(ν(OX),DiffX) and in particular it is also an
object of Cb1(ν(OX ),DiffX). We define the functors
DR1,X : C
b(P ·X) −→ C
b
1(ν(OX),DiffX)
M • 7−→ (Ω•X ⊗OX M
•)tot =: Ω
•
X ⊗
•
OX
M •.
and DRX = λ1 ◦DR1,X .
We want to prove that this De Rham functor sends the multiplicative system of qis in Cb(P ·X)
into the multiplicative system of Q0X -qis in C
b(ν(OX),DiffX). In order to prove this result we need
the following version of the crystalline Poincare´ lemma OX
qis
−→ Q0XDRX(OX). This lemma may be
found in [G, 6.5] and in [BeO, 6.12] where Berthelot Ogus proved a filtered version. We give here a
simple proof of the result we need. We note that our proof also works well in characteristic p using
the formalism of divided powers.
Let us remark:
4.2. Remark. [Be.O, 2.13]. The Pro-object {PmX }Z admits two different stratifications depend-
ing on the OX -module structure we chose on it. We consider on {P
m
X }Z its “left” OX -structure,
(that given by p0), (so its “right” OX -structure may be used in the tensor product with the De Rham
complex). This is the construction of Grothendieck linearization. In this case {PmX }Z is endowed
with the stratification ϑ : Pm+nX →P
n
X ⊗OX P
m
X sending (f ⊗ g) 7→ 1⊗ g ⊗ 1⊗ f .
On the other hand, if we consider the “right” structure on {PmX }Z, the stratification is given by
the map δ.
7
4.3. Lemma. The linearized De Rham complex is a resolution of OX
OX
d0
−→ Q0XDRX(OX)
in Cb(P ·X). In fact the complex
(4.3.1) OX
d0 // {PmX }Z
∇
0
// {PmX }Z ⊗OX Ω
1
X
∇
1
// · · ·
∇
d−1
// {PmX }Z ⊗OX Ω
d
X
is exact and thus locally homotopic to zero since its terms are locally free.
Proof. First of all we remark that Q0XDRX(OX) is a complex in C
b(P ·X) and the map
OX
d0
−→ {PmX }Z respects the stratifications (see the remark given below regarding the stratification
on {PmX }Z). It is evident that ∇
0
◦ d0 = 0.
The complex (4.3.1) as a complex of ν(P ·X) is represented by
(4.3.2.n)n∈Z {OX
d0 //PnX
∇
0
(n)//Pn−1X ⊗OX Ω
1
X
∇
1
(n) // · · ·
∇
d−1
(n) //Pn−dX ⊗OX Ω
d
X}n∈N.
We will prove by induction that (4.3.2.n) is exact for each n ∈ N.
First of all we render the OX -linear differentials on the complex explicit by the use of the basis
given by ξi (see remark 2.4). Then d
0 is the map
d0 : OX −→ P
n
X
1 7−→ I := 1⊗ 1
f 7−→ f ⊗ 1 = fI
while ∇ := Q0X(∇) is the linearization of the De Rham complex ( OX
∇0 // Ω1X
∇1 // · · · ∇
d−1
// ΩdX )
obtained as
PnX ⊗OX Ω
p
X
∇
p
(n) //
δn,1⊗id
Ω
p
X

P
n−1
X ⊗OX Ω
p+1
X
P
n−1
X ⊗OX P
1
X ⊗OX Ω
p
X
id
P
n−1
X
⊗∇
p
(1)
55jjjjjjjjjjjjjjj
where ∇
p
(1) is
∇
p
(1) : P
1
X ⊗OX Ω
p
X −→ Ω
p+1
X
(f ⊗ g)⊗ ω 7−→ f∇p(gω) so that in local coordinates we have
I⊗ (ξi1 ∧ · · · ∧ ξip) 7−→ 0
ξi ⊗ (ξi1 ∧ · · · ∧ ξip) 7−→ ξi ∧ ξi1 ∧ · · · ∧ ξip ∀i ∈ {1, . . . d}.
Now we proceed by induction on the “level” n in order to prove that (4.3.1) is exact. For n = 0 the
complex (4.3.2.0) reduces to
0−→OX
idOX−→ OX −→ 0−→ 0
which is obviously exact. When n = 1 the complex (4.3.2.1) is
0−→OX
d0
−→ P1X −→Ω
1
X −→ 0
which is homotopic to zero via the OX -linear homotopism
P1X
q1
−→ OX Ω
1
X −→ P
1
X
f ⊗ g 7−→ fg ξi 7−→ ξi
then P1X
∼= OX ⊕ Ω
1
X . Let us suppose that the complex (4.3.2.n-1) is exact with n > 1. Then we
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consider the diagram
0

0

0

0

0

0 // 0

// I n/I n+1

// I n−1/I n ⊗OX Ω
1
X

// · · · //

I n−d/I n−d+1 ⊗OX Ω
d
X

// 0
0 // OX //

PnX
//

P
n−1
X ⊗OX Ω
1
X
//

· · · //

P
n−d
X ⊗OX Ω
d
X
//

0
0 // OX //

P
n−1
X
//

P
n−2
X ⊗OX Ω
1
X
//

· · · //

P
n−d−1
X ⊗OX Ω
d
X
//

0
0 0 0 0 0
whose columns are exact. By inductive hypothesis the third row is exact. Then the second row is
exact if and only if the first is. So we will prove that the complex
(4.3.3.n) 0−→I n/I n+1
D0
−→ I n−1/I n ⊗OX Ω
1
X
D1
−→ · · ·
Dd−1
−→ I n−d/I n−d+1 ⊗OX Ω
d
X −→ 0
is exact proving that its identity is homotopic to zero.
We have to construct OX -linear maps
sp : I
n−p/I n−p+1 ⊗OX Ω
p
X −→I
n−p+1/I n−p ⊗OX Ω
p−1
X
for any p = 1, . . . , d such that in the diagram
0 // I n/I n+1 //
id

I n−1/I n ⊗OX Ω
1
X
s1
vvmmm
mm
mm
mm
mm
mm
//
id

· · ·
s2
wwppp
pp
pp
pp
pp
pp
//
id

I n−d/I n−d+1 ⊗OX Ω
d
X
sd
vvnnn
nn
nn
nn
nn
nn
n
//
id

0
0 // I n/I n+1 // I n−1/I n ⊗OX Ω
1
X
// · · · // I n−d/I n−d+1 ⊗OX Ω
d
X
// 0
the identity of I n−p/I n−p+1 ⊗OX Ω
p
X would be id = D
p−1 ◦ sp + sp+1 ◦D
p.
First we explicitly write the action of the differentials Dp on a basis:
I n−p/I n−p+1 ⊗OX Ω
p
X
Dp
−→ I n−p−1/I n−p ⊗OX Ω
p+1
X
ξα11 · · · ξ
αd
d ⊗ ξi1 ∧ · · · ∧ ξip 7−→
∑d
j=1 αjξ
α1
1 · · · ξ
αj−1
j · · · ξ
αd
d ⊗ ξj ∧ ξi1 ∧ · · · ∧ ξip
with α1 + · · ·+ αd = n− p.
We note that the map
p times︷ ︸︸ ︷
Ω1X ⊗OX · · · ⊗OX Ω
1
X −→
p times︷ ︸︸ ︷
Ω1X ⊗OX · · · ⊗OX Ω
1
X
α1 ⊗ · · · ⊗ αp 7−→
∑
σ∈Σp
(−1)sgn(σ)ασ(1) ⊗ · · · ⊗ ασ(p)
induces a map σp : ΩpX −→Ω
1
X⊗OX Ω
p−1
X . We define sp (up to the factor n(p−1)!) as the composition
I n−p/I n−p+1 ⊗OX Ω
p
X
n(p−1)!sp //
id⊗σp

I n−p+1/I n−p+2 ⊗OX Ω
p−1
X
I n−p/I n−p+1 ⊗OX I /I
2 ⊗OX Ω
p−1
X
m⊗id
33ggggggggggggggggggggg
where m is the map m : I n−p/I n−p+1⊗OX I /I
2−→I n−p+1/I n−p+2 induced by the multiplica-
tion. It is well defined because I n−p+1I = I n−p+2 = I n−pI 2. We now explicitly calculate sp on
a local basis
I n−p/I n−p+1 ⊗OX Ω
p
X
sp
−→ I n−p+1/I n−p+2 ⊗OX Ω
p−1
X
ξα11 · · · ξ
αd
d ⊗ ξi1 ∧ · · · ∧ ξip 7−→
1
n
∑p
m=1(−1)
m+1ξα11 · · · ξ
αd
d ξim ⊗ ξi1 ∧ · · · ∧ ξ̂im ∧ · · · ∧ ξip .
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We note that this definition also makes sense in the divided powers setting. Indeed, in characteristic
p we replace ξαii by ξ
[αi]
i and the local description becomes:
I n−p/I n−p+1 ⊗OX Ω
p
X
sp
−→ I n−p+1/I n−p+2 ⊗OX Ω
p−1
X
ξ
[α1]
1 · · · ξ
[αd]
d ⊗ ξi1 ∧ · · · ∧ ξip 7−→
∑p
m=1(−1)
m+1ξ
[α1]
1 · · · ξ
[αim+1]
im
ξ
[αd]
d ⊗ ξi1 ∧ · · · ∧ ξ̂im ∧ · · · ∧ ξip .
Now let us compute the composition Dp−1 ◦ sp + sp+1 ◦D
p on an element of the basis. We have
(Dp−1 ◦ sp+sp+1 ◦D
p)(ξα11 · · · ξ
αd
d ⊗ ξi1 ∧ · · · ∧ ξip) =
=Dp−1(
1
n
p∑
m=1
(−1)m+1ξα11 · · · ξ
αd
d ξim ⊗ ξi1 ∧ · · · ∧ ξ̂im ∧ · · · ∧ ξip)+
+ sp+1(
d∑
j=1
αjξ
α1
1 · · · ξ
αj−1
j · · · ξ
αd
d ⊗ ξj ∧ ξi1 ∧ · · · ∧ ξip) =
=
1
n
(
p∑
m=1
d∑
j=1, 6=im
(−1)m+1αjξ
α1
1 · · · ξ
αj−1
j · · · ξ
αd
d ξim ⊗ ξj ∧ ξi1 ∧ · · · ∧ ξ̂im ∧ · · · ∧ ξip)+
+
1
n
(
p∑
m=1
(αim + 1)ξ
α1
1 · · · ξ
αd
d ⊗ ξi1 ∧ · · · ∧ ξip)+
+
1
n
(
p∑
m=1
d∑
j=1, 6=im
(−1)mαjξ
α1
1 · · · ξ
αj−1
j · · · ξ
αd
d ξim ⊗ ξj ∧ ξi1 ∧ · · · ∧ ξ̂im ∧ · · · ∧ ξip)+
+
1
n
(
d∑
j=16=i1,...,ip
αjξ
α1
1 · · · ξ
αd
d ⊗ ξi1 ∧ · · · ∧ ξip) =
=
1
n
(p+
d∑
j=1
αj)ξ
α1
1 · · · ξ
αd
d ⊗ ξi1 ∧ · · · ∧ ξip =
=ξα11 · · · ξ
αd
d ⊗ ξi1 ∧ · · · ∧ ξip
as desired. 
The complex {PmX }Z ⊗OX Ω
•
X
∼= DRX({P
m
X }Z) where we take {P
m
X }Z = p
∗
1(OX). Thus we
obtain a “Poincare´ Lemma”: OX ∼= DRX({P
m
X }Z). This result is the “dual” of the quasi-isomorphism
Ω•X ⊗OX DX
∼= ωX [d] [B; VI.3.5].
The same result holds true on taking {PmX }Z = p
∗
0(OX). In this case we obtain the following
corollary.
4.4. Corollary. The complex
(4.4.1) OX
d1 // {PmX }Z // Ω
1
X ⊗OX {P
m
X }Z
// · · · // ΩdX ⊗OX {P
m
X }Z
is exact. Hence,
OX −→DR(p
∗
0(OX))
is a quasi-isomorphism in Cb(ν(P ·X)).
4.5. Corollary. Let M ∈ ν(P ·X). The complexes
(4.5.1)
M
d1 // {PmX }Z ⊗OX M // Ω
1
X ⊗OX {P
m
X }Z ⊗OX M
// · · · // ΩdX ⊗OX {P
m
X }Z ⊗OX M
and
(4.5.2)
M
d0 //M ⊗OX {P
m
X }Z
//M ⊗OX {P
m
X }Z ⊗OX Ω
1
X
// · · · //M ⊗OX {P
m
X }Z ⊗OX Ω
d
X
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are exact.
Proof. Let us consider the sequence (4.5.2). Its analogue for M = OX is the sequence 4.3.1,
which is exact and so locally homotopic to zero. Any additive functor respects homotopies, so 4.3.1
tensorized over OX with M gives 4.5.2 which is exact.

5. Equivalences of Categories
5.1. Remark. Let F • be an object in C1(ν(OX ),DiffX). By definition the differential d
i
F
:
F i−→F i+1 is a morphism of Pro-object represented by differential operators of order at most one. It
defines in a unique way a morphism d
i
F : P
1
X ⊗OX F
i−→F i+1. This morphism extends in a unique
way to a morphism of stratified Pro-modules Q0X(d
i
F
) : {PmX }Z⊗OX F
i−→{PmX }Z⊗OX F
i+1. Using
the OX -base of PX,1 given in local coordinates by I, dx1, · · · , dxd we have for any section s of F
i
(5.1.1)
diF (s) =d
i
F (I⊗ s)
dixj (s) :=d
i
F (ξj ⊗ s)
(where the second is taken as definition of dixj ). The maps d
i
xj : F
i−→F i+1 are maps of OX -modules
depending on the choice of the coordinates.
5.2. Definition. Let F • ∈ Cb(ν(OX),DiffX). Then F
• is a Ω•X -module in Pro-objects. Let
by definition σi,j
F
: ΩjX ⊗OX F
j−i −→F i be the Ω•X -structural maps. They are:
σi,0
F
= idFi : F
i−→F i
P1X ⊗OX F
i−1
d
i−1
F• //
F i
Ω1X ⊗OX F
i−1
OO
σi,1
F
88
rrrrrrr
rrrr
and in general
P1X ⊗OX · · · ⊗OX P
1
X ⊗OX F
i−j // · · ·
id
P1
X
⊗d
i−2
F
//P1X ⊗OX F
i−1
d
i−1
F //
F i
ΩjX ⊗OX F
i−j
OO
σi,j
F
22dddddddddddddddddddddddddddddddddddddddddd
where the last vertical map
ΩjX ⊗OX F
i−j −→
j times︷ ︸︸ ︷
P
1
X ⊗OX P
1
X ⊗OX · · · ⊗OX P
1
X ⊗OXF
i−j
is induced by the shuffle on a basis.
Now we prove a technical lemma which will be used in the proof of our main theorem.
5.3. Lemma. Given F • ∈ C1(ν(OX),DiffX); the morphisms d
i
F
, dixj of (5.1.1) for i ∈ Z and
j ∈ {0, ..., d} satisfy the following conditions:
i) di+1
F
◦ di
F
= 0
ii) di+1xj ◦ d
i
F
+ di+1
F
◦ dixj = 0
iii) di+1xj ◦ d
i
xk
+ di+1xk ◦ d
i
xj = 0
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iv) di+1xj ◦ d
i
xj = 0.
Proof. The first condition is given by the hypothesis F • ∈ C1(ν(OX),DiffX), so the composi-
tion di+1
F
◦ di
F
= 0. In order to prove ii) to iv) we remark that:
di+1
F
◦ dixj (s) + d
i+1
xj ◦ d
i
F (s) =d
i+1
F
di
F
(ξj ⊗ s) = 0
di+1xj ◦ d
i
xk
(s) + di+1xk ◦ d
i
xj (s) =d
i+1
F
di
F
(ξjξk ⊗ s) = 0
di+1xj ◦ d
i
xj (s) + d
i+1
xj ◦ d
i
F (s) =d
i+1
F
di
F
(ξ2j ⊗ s) = 0
where ξj = 1⊗ xj − xj ⊗ 1 ∈ P
1
X . We recall that d
i+1
F
di
F
is obtained by the composition
P1X ⊗OX P
1
X ⊗OX F
i
id
P1
X
⊗di
F
//P1X ⊗OX F
i+1
di+1
F //
F i+2
P2X ⊗OX F
i
δ2,1⊗id
Fi
OO
di+1
F
di
F
22ffffffffffffffffffffffffffffff
and δ2,1 was defined in 2.4. 
5.4. Definition. Let dx1, . . . , dxn be a local basis for Ω
1
X (where n is the dimension of X).
We define the maps
ηi,j
F
: ΩjX ⊗OX F
i−j −→ F i
fdxi1 ∧ · · · ∧ dxij ⊗ s 7−→ fdx
i−1
i1
◦ · · · ◦ dxi−jij (s)
where f is a section of OX and s is a section of F
i−j . This definition does not depend on local
coordinates and moreover σi,j
F
= j!ηi,j
F
.
5.5. Definition. Let q = {qm}Z : {P
m
X }Z−→OX be the usual projection which is linear for
both the OX -module structures of {P
m
X }Z. Given F
• ∈ C1(ν(OX),DiffX) we define the morphisms
ΦiF :
d⊕
j=0
ΩjX ⊗OX {P
m
X }Z ⊗OX F
i−j −→F i
for each i ∈ Z in the following way: we consider the composition
ΩjX ⊗OX {P
m
X }Z ⊗OX F
i−j
id
Ω
j
X
⊗q⊗id
F
i−j
X//
Φi,j
F **UUU
UU
UU
UU
UU
UU
UU
UU
U
ΩjX ⊗OX F
i−j
ηi,j
F

F i
and by definition Φi
F
:=
∑d
j=0 Φ
i,j
F
.
5.6. Theorem. We have two morphisms of functors
Ψ : idCb(P·
X
)−→Q
0
X ◦DRX = Q
0
1,X ◦DR1,X
(functors between Cb(P ·X) and itself)
Φ : DR1,X ◦Q
0
X −→ idCb1(ν(OX ),DiffX )
(functors between Cb1(ν(OX),DiffX) and itself). They induce quasi-isomorphisms of complexes. So
the functors DR1,X and DRX localize with respect to Q
0
X-quasi-isomorphisms inducing the functor
DR1,X : D
b(P ·X)−→D
b
1(ν(OX),DiffX).
DRX : D
b(P ·X)−→D
b(ν(OX),DiffX).
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Moreover DRX (resp. DR1,X) is an equivalence of categories whose quasi-inverse is the functor Q
0
X
(resp. Q01,X).
Proof. The morphism d0 : OX →P
m
X induces a morphism of bicomplexes (see (4.5.2))
ΨM• : M
•−→M • ⊗OX {P
m
X }Z ⊗OX Ω
•
X .
Then we obtain a morphism of complexes
M
•−→M • ⊗•OX {P
m
X }Z ⊗OX Ω
•
X
∼=
∼={PmX }Z ⊗OX M
• ⊗•OX Ω
•
X
∼=
∼=Q0X(DRX(M
•)) ∼=
∼=Q01,X(DR1,X(M
•)).
The isomorphism between the first and the second complex is induced by the stratification on M •
which is the isomorphism {PmX }Z ⊗OX M
• ∼= M • ⊗OX {P
m
X }Z. By Corollary 4.5 we obtain that
it is a quasi-isomorphism. So the functors DR1,X and DRX send qis in D
b(P•X) into Q
0
X -qis which
permits us to localize them.
We have to prove that the diagram
ΩjX ⊗OX {P
m
X }Z ⊗OX F
i−j
di
DRQ0//
Φi
F

ΩjX ⊗OX {P
m
X }Z ⊗OX F
i+1−j
Φi+1
F

F i
di
F
//
F i+1
is commutative.
The complex DRXQX
0(F •) = (G ••)tot where
G
p,q = ΩpX ⊗OX {P
m
X }Z ⊗OX F
q
and
d′p,q
G
: ΩpX ⊗OX {P
m
X }Z ⊗OX F
q −→Ωp+1X ⊗OX {P
m
X }Z ⊗OX F
q
is
(5.6.1) d′p,q
G
= dp
DRX(p∗0(OX))
⊗ idFq
while
d′′p,q
G
: ΩpX ⊗OX {P
m
X }Z ⊗OX F
q −→ΩpX ⊗OX {P
m
X }Z ⊗OX F
q+1
is
(5.6.2) d′′p,q
G
= idΩp
X
⊗Q0X(d
q
F
);
where DRX(p
∗
0(OX)) was considered in 4.4.1.
Given I•,• a bounded bicomplex with commuting differentials d′p,qI : I
p,q→ Ip+1,q and d′′p,qI :
Ip,q→ Ip,q+1, the total complex associated to it is denoted by I•tot with I
r
tot :=
⊕
p+q=r I
p,q and
dItot(x) = d
′p,q
I (x) + (−1)
pd′′p,qI (x) for any x ∈ I
p,q.
The set Hom(A•tot, B
•) of morphisms of complexes between a total complex of a bicomplex and
a complex is the set families of maps {ϕp : Aptot→B
p}p such that d
p
B ◦ ϕ
p = ϕp+1 ◦ dpAtot . Then
Hom(A•tot, B
•) is isomorphic to the set of families of maps {ϕp,q : Aq,p−q→Bp}p,q satisfying the
following conditions
(5.6.3) dpB ◦ ϕ
p,q = ϕp+1,q+1d′q,p−qA + (−1)
qϕp+1,q ◦ d′′q,p−qA
for any p, q. So we have only to prove that
(5.6.4) dp
F
◦ Φp,q
F
= Φp+1,q+1
F
d′q,p−q
G
+ (−1)qΦp+1,q
F
◦ d′′q,p−q
G
is true.
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It is enough to check these relations locally, choosing local coordinates x1, . . . , xn. The sections
fdxi1 ∧ · · · ∧ dxiq ⊗ I⊗ s generate Ω
q
X ⊗OX {P
m
X }Z ⊗OX F
p−q where s is a section of F p−q. Then
dp
F
◦ Φp,q
F
(fdxi1 ∧ · · · ∧ dxiq ⊗ I⊗ s) =d
p
F
(fdp−1xi1 · · · d
p−q
xiq
(s)) =
=fdp
F
dp−1xi1 · · · d
p−q
xiq
(s) +
n∑
i=1
∂f
∂xi
dpxid
p−1
xi1
· · · dp−qxiq (s)
while
Φp+1,q+1
F
d′q,p−q
G
(fdxi1 ∧ · · · ∧ dxiq ⊗ I⊗ s) =Φ
p+1,q+1
F
(
n∑
i=1
∂f
∂xi
dxi ∧ dxi1 ∧ · · · ∧ dxiq ⊗ I⊗ s) =
=
n∑
i=1
∂f
∂xi
dpxid
p−1
xi1
· · · dp−qxiq (s)
For the last term we have
Φp+1,q
F
d′′q,p−q
G
(fdxi1 ∧ · · · ∧ dxiq ⊗ I⊗ s) =Φ
p+1,q
F
(fdxi1 ∧ · · · ∧ dxiq ⊗ I⊗ d
p−q
F
(s)) =
=fdpxi1 · · · d
p−q+1
xiq
dp−q
F
(s)
Thus, using Lemma 5.3, we prove our assertion. Moreover the composition
F •
d1 //
idF•
((RR
RR
RR
RR
RR
RR
RR
RR
Ω•X ⊗
•
OX
{PmX }Z ⊗OX F
•
Φ•
F

F •
is the identity so ΦF• is a Q
0
X -quasi-isomorphism. In particular the functor DRX localizes to DRX :
Db(P ·X)−→D
b(ν(OX),DiffX) and it is an equivalence of categories with quasi-inverse the localized
Q0X functor. 
5.7. Corollary. The functor
λ : Db1(ν(OX ),DiffX)−→D
b(ν(OX ),DiffX)
is an equivalence of categories whose quasi-inverse is the functor DRX ◦Q
0
X .
6. Crystals in Pro-Modules
We refer to Grothendieck expose´ [G] for the definition of crystalline site Cris(X/C) in char-
acteristic zero (and also to Berthelot’s thesis [Be]). We denote by OX/C the sheaf on Cris(X/C)
such that for any object (nilpotent closed immersion U →֒ T with U ⊂ X open subset) its value is
OX/C(U →֒ T ) := OT . It is a ringed sheaf on Cris(X/C).
6.1. Definition. A crystal in Pro-modules {Fi}i∈I is a sheaf on Pro-OX/C-modules in the
crystalline site Cris(X/C) such that for any morphism p : {U ′ →֒ T ′}→{U →֒ T } given by the
diagram
U ′ //

T ′
p

U //

T
X
we have {p∗(Fi(U →֒ T ))}i∈I ∼= {Fi(U
′ →֒ T ′)}i∈I .
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6.2. Theorem. The category ν(P ·X) is equivalent to the category of crystals in Pro-coherent
OX/C-modules.
Proof. The proof is equivalent to the classical proof of the equivalence between stratified
OX/C-modules and crystals (see [Be]). If {Fi}i∈I is a crystal in Pro-coherent OX/C-modules then
{Fi(X
idX→ X)}i∈I ∈ ν(OX). Taking the diagram defined by the diagonal thickenings Xn−→X ×X
with n ∈ N
X //
id

Xn
p0

p1

X
id
// X
we obtain the stratification {p∗0(Fi(X →֒ Xn))}i∈I
∼= {p∗1(Fi(X →֒ Xn))}i∈I in the Pro-object
{Fi(X
idX→ X)}i∈I .
Conversely if {Fi}I ∈ ν({P
m
X }Z) we define a sheaf on Cris(X/C) in the following way. For any
object U →֒ T ∈ Cris(X/C) there exists locally a section h : T →X (X is smooth). We define
CR({Fi}I)(U →֒ T ) := {h
∗(Fi)}I . These local definitions patch together to define a sheaf in Pro-
coherent OX/C-Modules which is a crystal. 
6.3. Remark. Deligne proved in a conference at IHES (1970 unpublished) that the category
of “regular” crystals in Pro-modules on X is equivalent to the category of ”algebraic” constructible
sheaves in the analytic space Xan. Hence, Theorem 5.6 might be interpreted as an algebraic Pro-
version of a Riemann-Hilbert equivalence.
References.
[AB] Andre´ Y. and Baldassarri F. De Rham Cohomology of Differential Modules on Algebraic Varieties.
Progress in Mathematics, 189 Birkha¨user Verlag, Basel, 2001.
[AM] Artin M., Mazur B., E´tale Homotopy. Lectures Notes in Mathematics, Vol.100., Springer-
Verlag, Berlin-New York, 1969
[B] Borel et al. Algebraic D-modules. Perspectives in Mathematics, Vol. 2 J. Coates and S. Helgasan
editors.
[Be] Berthelot P. Cohomologie cristalline des sche´mas de caracte´ristique p > 0. Lecture Notes in
Mathematics, Vol. 407. Springer-Verlag, Berlin-New York, 1974.
[BCF] Baldassarri F., Cailotto M. and Fiorot L. Poincare´ Duality for Algebraic De Rham Cohomology.,
Manuscripta Math. 114,1 (2004) 61-116.
[BeO] Berthelot P and Ogus A. Notes on crystalline cohomology. Princeton University Press, Princeton,
N.J.; University of Tokyo Press, Tokyo, 1978.
[DB] Du Bois Ph. Complexe de de Rham filtre´ d’une varie´te´ singulie`re. Bull. Soc. Math. France, 109
(1981), 41–81.
[EGA] Grothendieck A. and Dieudonne´ J. Ele´ments de ge´ome´trie alge´brique. Inst. Hautes E´tudes Sci.
Publ. Math., 4 (1960), 8 (1961), 11 (1961), 17 (1963), 20 (1964), 24 (1965), 28 (1966), 32
(1967).
[F.1] Fiorot L. On derived category of differential complexes., Journal of Algebra 312 (2007), 362–376
[F.2] Fiorot L. A simple introduction to Ind and Pro-categories.
[G] Grothendieck A. Crystals and De Rham Cohomology of Schemes Dix expose´s sur la cohomologie
des sche´mas, North-Holland, Amsterdam, 1968
[H.1] Hartshorne R. Cohomology with compact supports for coherent sheaves on an algebraic variety.
Math. Ann., 195 (1972), 199–207.
[H.2] Hartshorne R. On the De Rham cohomology of algebraic varieties. Inst. Hautes E´tudes Sci.
Publ. Math., 45 (1975), 5–99.
[HL] Herrera M. and Lieberman D. Duality and the de Rham cohomology of infinitesimal neighbor-
hoods. Invent. Math., 13 (1971), 97–124.
[H.RD] Hartshorne R. Residues and duality. Lecture Notes in Mathematics, Vol. 20
15
[J] Jannsen U. Continuous e´tale cohomology. Math. Ann., 280 (1988), no. 2, 207–245.
[L] Laumon G. Sur la cate´gorie de´rive´e des D-modules filtre´s. Algebraic Geometry, proceedings,
Tokyo/Kyoto 1982 Lecture Notes in Mathematics, 1016, Springer-Verlag.
[M] Mebkhout Z. Le formalisme des six ope´rations de Grothendieck pour les DX-modules cohe´rents.
Travaux en Cours, 35, Hermann, Paris, 1989.
[S.1] Saito M. Modules de Hodge polarisables. Publ. RIMS, Kyoto Univ., 24 (1988), 849–995.
[S.2] Saito M. Induced D-modules and differential complexes. Bull. Soc. Math. France, 117 (1989),
361–387.
16
